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INVESTMENT AND ABANDONMENT DECISIONS IN THE PRESENC E OF
IMPERFECT AGGREGATION OF INFORMATION

José Pablo Dapena

ABSTRACT

The traditional marshallian rule of investing whtre value of the investment is greater than its
installment cost is modified in the presence dadvarsibility and uncertainty, giving rise to aniopt
component. Additionally, the interaction of papiants holding each one a right to invest can gae r
under imperfect information to situations of demat from the optimal timing of exercise of the
investment and to "herd behavior" or informationascades given that the agents take into account
when deciding not only their private set of infotioa but also the information released to the miarke
by the decisions made by the other agents. In theept paper we develop a model that tries to
capture these effects and dynamics by showingicev conditional expectations of the agents, and
with considerations regarding the degree of dispersf information in the economy and the effect of
the number of participants and their effect inteitthehavior.
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1 Introduction

The traditional marshallian rule sets investinghié present value V generated by the investment is
greater than an alternative cost I. To the purpdsketermining the value practitioners usually trse
method of discounting future cash flows using aprepriate risk adjusted rate. However, when we
take into consideration the existence of uncegaiabout the value V and irreversibility of
investments (Dixit and Pyndick 1994), the investment decisiman be associated to a call option.
Myers (1977) is the first to notice that every filsncomposed of two kinds of assets, those alrgady
place and growth options. Mc Donald and Siegel 419885 y 1986) work on their research showing
analogies between financial options and investraadt abandonment decisions. More recently, this
literature has be enriched by the work of Trige®1di988, 1997), Kulatilaka (1992, 19952), Grenadier
(2000) and Kulatilaka (2001) about different apations of the real options framework.

From another line of research we found literatupeua “informational cascades” and models of
aggregation of information and social learning veheome sort of “herd behavior” can arise, with
agents possessing imperfect and asymmetric infawmaind learning about the true nature of the
events by comparing their partial set of informatiith the information arising from decisions made
by others. This line of research has been treabedekample by Banerjee (1992), Ellison and
Fudenberg (1993), Caplin and Leahy (1994) and @#86) among others. The purpose of this paper
is to contribute to the analysis of the behavioagénts when taking their decisions, by introducing
elements of the real options literature and linkingo a framework of imperfect and asymmetric
information.

As it was mentioned, the methodology of real omiarses tools from financial options anal§sis
applied investment and abandonment decisions. Hewvexhile in the world of financial options the
underlying value of the asset is accurately obskifvem the equity market, in the world of real
options the value of the underlying asset is pellyatalculated, and hence can vary according to the
perception of different agents. In this context,agent can estimate the underlying value based on
private information and based also in her perceptf value inferred by the decisions made by other
agents. This "noise" can give rise to deviationsmfrthe optimal "timing" of investment and
abandonment decisions. Even more, underdevelopgthlcenarkets can worsen this situation given
that parameters of calculation of discount rategccbe imperfect

The present paper is based mainly on the work eh&tier (1999) about informational externalities
and release of private information by decisiongagénts, and the work of Caplin and Leahy (1994)
about investment decisions and herd behavior.

2 The proposition to be developed

The process of valuation of an asset to decidehvehétt is optimal or not to invest is somehow ptéva
and subject to perception errors because thoughméikods and techniques used to value future cash
flows are well known, the parameters to be includaa be different according to who is performing
the calculation. We can suggest that there is i & thing as “a” value in the market of real &sse
therefore the valuation process can be assimiletel process of statistical inference regarding the
calculation of one unknown parameter (denoted ‘&abf the asset V) with incomplete information,
by using tools and techniques of valuation combiniél data, and hence obtaining an estimate &

V of the true parameter, wheereflects the private perception of investbrTihe fact that Mis in
itself a variable subject to private consideratitaisis think that investors will try to calculseange

of values made by an upper and a lower boundaryenthey feel hey are confident that the true value

! For an explanation see (2004a) Annex B of Chapter
2 Black and Sholes (1973) and Merton (1973) havivedunder certain assumptions a closed form fentiuation of
financial options.
% In fact development of markets makes that prickesjaately convey information helping to reducettheertainty regarding
any “true” price.
iy . N - -

This approach to valuation adopts many conceptsraaition from statistics because to value implie calculate the value
of an unknown parameter using incomplete infornmatio



V is in. Therefore we can say for instance thatvfiele V of an asset for agent idsV;, fluctuating
with some degree of confidence in a range that §oes Vi, t0 Vinax It is very likely that no investor
will accurately calculate the true val@ therefore it becomes useful for them to set bamnd
conditions for it.

Investment decisions can be associated to optindsseandard models for their calculation assume
that their exercise is simultaneous and uninfoveatand that agents perfectly know the true vafue o
the parameters to be used in the formula and heamcealecide whether or not to invedtiowever,
there are many situations in the context of reae@swhere agents are in possession of imperfect or
private knowledge of relevant information, meanthgt the estimation of value that they are doing
could be subject to differences. In this contextimperfect information investors can react by
calibrating their expectations taking into accowhtt they see other agents do. This happens ity ever
situation where decisions under uncertainty mudaken: agents tend to see what others do, therefor
decisions made by participants release privatenmition to the market and may change expectations.
The herd behavior is usually associated to sucliramments, where informational cascades may
obtain. In the context of investment and abandorrdenisions regarding real assets (real options),
decisions made by participants have to take infsic@ration the decisions made by others, given the
uncertainty regarding the true value of paramef@ssopposite to financial options where parameters
may be well known, in real options the parametergelto be calculated) and therefore can give oise t
deviations from optimal conditions of exercising.

3 Model of Analysis

We present a representative agent holding an imeggtoption who has to decide whether to invest or
not and when. She has two sources of informatien phivate information recognized as partial and
incomplete, and the information arising from demsi made by other agents. The problem of real
options is that the underlying asset could be ifgodly calculated given that the parameters are
privately estimated. As a consequence the optixaicgsing of the option can be different from the
situation where parameters are perfectly obsevésl will present a model of n risk neufralgents
indexed by the variable i, with:n 2 where the number of participants is of commoovidedge. Each
agent holds an identical investment option which loa exercised at any time (the option is perpetual
and hence of the american type and decisions kea ta continuous time). The exact payoff of the
option is not completely known by all agents addpends on the aggregation of information. The
optimal exercising strategy will then be contingeat only on the value of the private informatiast b
also on the information arising from decisions mbgether agents.

We denote the payoff function ate exercise as Vand we introduce a varialle whose realization
affects the payoff of the real option. The valughi$ variable is not known by all agents, giveatti
comes from the aggregation of all private signélecoming of public knowledge when all the
participants have exercised their optidie payoff will then be:

Max [0 V.- 1, 0] (1]

We can intuitively associate,¥6 some sort of “average” or state level of theudalWe model the
dynamics of Yin the usual form:

dVv =aVdt + oVvdz [2]

® In financial options the value of the underlyirgset is perfectly known from the market, knowinggttter an option is “in
the money” or “out of the money” which is not these in real options, where the value has to bestizgly estimated.

® The assumption or risk neutrality can be easibxed without altering the main results.

" This assumption is more appropriate for private lass developed markets, where transaction dostipns and “noise”
may perturb the prices in the market as a vehicieformation.

8 Could be the price of the square meter in theestte market, or the price earning ratio in teitg market



wherea is the conditional and instantaneous rate of ajpgtien of the valueg is the instantaneous
standard deviation, and dz follows a standard Wig@mecess. The variabk is made by a constant
and the sum of all the private signals in the form:

B=u+S+S+..+5 [3]

wherel is the expected value & and $ are the independent signals, which have zero raedn
positive and finite variance V(SEvery agent knows her own signal, the parametiettse distribution
of signals but does not know the real value of sthsignals. At time t=0 the exact value &fs
unknown to every agent, and each one makes areirderof it by taking into account private
information. If every agent revealed the true vadfiehe signal, then all of them can coordinate and
calculate the true value of the aggregation vagighbwever, that is not the case, given that inesom
cases agents have incentives to keep their owmiafiion private and try to guess the test
Given this setup, the agent has to make an investdeeision knowing:

- her own signal,

- the knowledge of decisions made by others,

- the underlying value of the state variable.

We assume two boundaries for the private signah €S0 and $ S >0) The difference with models
already treated in literature is that each ageasamt known the exact value of the rest of theadgy
which are inferred from the decisions already taked from the knowledge of the distribution of
signals. The stochastic process for V defined jrefisures that at some time T it will become optima
for the agent to invest, releasing informationtie market. The fact is that agents do not know wfho
them holds the highest value for the signal, tteeeethey are continuously revising their expectatio
according to the decisions made by others. Thesimvent decision process hence turns into a trefde of
between the benefit of waiting to see other’'s denss and investing to grab the payoff at some
subjective optimal time.

3.1 The case of perfect information

It is useful to start with the case of perfect mfation. If that was the case and every agent made
public her private signal, all the agents will ideato calibrate the value of the aggregation \éeia
and simultaneously exercise their options at thenerd where Yreaches the optimal value \B) By
denoting W(V;0) to the value of the investment option whéris of public knowledge, W(\8) must
solve the following equation:

YW (V) 6 V2 + (r-8) VW'(V) -rW =0 [4]
where by making use that the agent is risk neuteagjet that r = + 9, then:
W' (V) V2 +a VW(V)-rW=0 [5]

This equation must be solved subject to appropimtendary conditions, which ensure that the
optimal strategy of investment is chosen:

W(V*) = 8 V*(8) - | [6a]
W'(V*) = 0 [6b]

The first condition is known as "value matchindietsecond one is the "smooth pasting" or "high
contact" condition, both ensure that he value V*ciosen to maximize the option vailieThe
solution for the value of the option W(V) and thigger value V* can be expressed then as:

® The assumption of conveying information througticas and not words is of extended use in thedlitee. If agents were
credible, they would have incentives to provide ngrinformation, trying to take advantage of that.
1 The functional form of W(\8) is easily obtained, see Grenadier (1999).



W(V:8) = (I1(B-1))* (6/B)® VP for V < V*(6) [7a]

oV-I for V= V*(8) [7b]
where
* = il 1
V *(0) [3—19>| [8]
and

—(a -2 — 2 2 2
N Gl /2)+\/(0(2 0’12 +2r0® -

o

wherea < r to ensure convergence. Equation [8] reprasttd value of exercise W) consistent
with perfect information, where all agents invesa dme T*@)= inf(t = 0: V(t) = V*(0)).

4 The case of partial information

We now consider a model where agents have parti@rmation regarding the value of the
aggregation variable. At each moment of time, #teo$ information held by each agent contains not
only the known value of her private signal, butoalke inference made about the value of other’s
signals given the knowledge of exercise (or lackitpfby them. They update the conditional
expectation 06, by observing what other agents have done or not.

4 .1 Equilibrium with information revelation

We derive the equilibrium for a game o£r2 agents. The agents know the value of their pFiggnal
and they infer the value of the aggregation vaeidty seeing what others do or not. At some moment
of time the state variable reaches the trigger evalty; for agent i according to [7] and [8] and
consistent with $Swhich presses the agent to make a decision betwee

- waiting to see what other agents do,
- killing the option and investing.

Every agent will calculate an optimal value;\&tcording to [8] indicating the subjective triggasr
which she would exercise her option based in har estimation o®, which happens at time T*
Given the distribution of Setween the two boundaries, this decision willehtvbe evaluated first by
the agent holding the highest value of the signaly denoted 1. However, given the aggregation of
information and the lack of coordination, at thadment the agent will have to revise her conditional
expectation of the aggregation variagigen that no one has taken a decision.

4.2 Equilibrium with two agents
Given that the variable V follows the process se¢quation [2] and given the private signalstise
investment strategy for every agent i =1,2 willdoatingent on:

1 We see that V has to be well above the cost afstmaent | for an agent to invest, because thexesidue in the waiting
option under uncertainty.



- the current value of V¥
- hersignal §
- the strategy of exercise followed by the other &gen

The payoff at the time of exercise@8V, - I. For the purpose of the model we assume tigatts
follow a uniform distributiof’ in the space [Sn Snad :

S O [Smin Snad, 1 = 1,2, with $in< 0, Shax>0 [10]

giving rise to the aggregation variable

B=p+S+S [11]

where

H>S+S [12]
which guarantees exercise of options at some fiimte T,

We denote the investment decision by the binarials'*

x; = 0 if agent i chooses not to invest [13a]
xi= 1 if she chooses to invest (13b]

Each agent i has an initial expectation about #iaevof the signal of the other agent j conditicoral
not exercise of the option;60)

Ei%:o =0 [14]
]

which in turns means that the expected valugfof agent i is

E _%] — 0_ =3 [15]

The dynamics of Vaccording to [2] and the fact that agent 1 hashibbest value for the signal will
make that at some time Tthe state variable V will reach the optimal valtfe for agent 1 according
to [8] and conditional on what she thinks about signal of agent 2, given that until that time the
conditional expected value & was S according to [15]. At this moment occurs the firstevant
event, where agent 1 has to decide whether to timvesot: if agent 1 realizes that if she was alone
the market that would be the timeJTthen she revises her expectatiordaéking into consideration
the fact that agent 2 has not yet invested, makieigchange her conditional expectation of the
aggregation variabl® given that now she thinks that the signabBthe other agent has to be between
Smin@nd S giving rise to the new conditional val@e

[ Hmo] =535

2The assumption of uniform distribution makes noagetable the model, but other distributional forvas be used.

13 From here onwards we normaligén [11] fromp .

14 This is a key aspect of this paper. The signid ontinuous in the space defined, while thesleniobserved adopts the
form of a binary variable, being an imperfect indicator of the true value ¢&8d hence .




and hence agent 1 has to wait until the state blari@aches a higher value given that lack of eserc
by agent 2 has changed agent 1's conditional exgpatt The agent 1 does not invest given that
change in expectations has increased the trigdee W&, to V** ; consistent with [16].

In the same way, even in the case that the sidregent 2 is below to that of agent 1, and if adent
has not yet invested, the conditional value of dggregation variabl® for agent 2 is similar the
previous case according to [15]:

Ez[%l = O} =% 117

where at some time F¥t reaches V% and it becomes optimal for agent 2 to invest gittenvalue of
her private signal and considering that agentslriw yet invested. At that time, agent 2 thinkat th
she has the highest signal (she does not knovageatt 1 has indeed the highest signal), and sigilar
to the process of revision of expectations undertdlky 1, she revises her conditional expectatidh of
where the lack of exercise of the option by 1 s assume her signa} B highest and hence she
reacts by increasing her optimal trigger valy& té V** , in the same way as investor 1:

where

El[%z = 0} g Ez[%l = 0} [19]

given that the signal of 1 is higher than that of.

The dynamics of Vt leads that at some time (Tfr a trigger value V*¥ according to [8] it becomes
optimal for agent 1 to invest given the value of benditional expectation & from [16], taking as
given that agent 2 has not yet exercised her imestoption.

Given that according to [19] the conditional exgelctalue 0B is greater for agent 1 than for agent 2,
it follows that the trigger value will be lower fagent 1 V**% < VV**,according to [8], where the first
agent that will have to decide whether to inveshatr at time T*% will be agent 1. When #V** 4,
where@; according to [16], agent 1 finds optimal to invast release such information to the market,
based on her private signal and on the fact tleadther agent has no invested.

Whit respect to agent 2, and knowing that agerdsliow invested, we can find two situations:

- agent 2 has revised her conditional expectatidgh@figgregation variable (conditional on the fact
that agent 1 has not invested),

- agent 2 has not revised her conditional expectajioan that the state variable V has not reached
her trigger value.

If V{has not yet reached the critical value, Which triggers the first revision of expectatidnsagent
2, e.g. from:

Eo6]= S [20]

to

SRS



it would mean that the state variable has not reédhe critical value \5*for agent 2, and therefore
agent 2 has not time to revise her conditional etgtion because she is surprised by the decision of
agent 1 which in turn gives her partial informati@garding the value of agent 1’s signal, therefore
with this information in hand she revises her ctindal expectation according to [20] in the form:

STARRNCES

where she infers that agent 1's signal has to tvecle@ her own signal and the upper bound.

The alternative situation (see graph 1) is the where agent 2 has time to revise her conditional
expectation of the value of the aggregation vagidddcause the state variable reaches the crindad v
V*, and agent 1 has not yet invested, making her thirék has the highest value for the signal S
Agent 2 then lowers her conditional expectationuats®, which after some period of time is revised
again when she sees agent 1 decision of investing:

S _S,+S,x
SRS

when she observes the decision of investing bytabemhere the conditional expected valuedbr
agent 2 will be:

ST

which in turn is greater to the conditional exp#otaof 0 given the absence of investment by agent 1:

o] =535

Agent 2 revises her optimal investment strategyuting to the revelation of information released by
agent 1.

The following graph allows us to better see theadayits of decisions of the agents.



Graph 1 Simulated dynamics for state variable V andrigger values for decisions
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From the graph we observe that the trigger valugid/teached first by agent 1 at the critical value
V*, given her signal is the highest, but here she esvidlown her conditional expectation of the
aggregation variable, and the investment decisaaken when the state variable reaches the second
critical value V** (consistent with the revisefl according to [16]); regarding agent 2 the two
situations mentioned are labeled A and B, wherd imvestor 2 has time to lower her expectation
according to [21] so when she sees agent 1's ide@§investing she revises up again the condition
expectation of according to equation [22]; in Baig2 has no time to lower her expectation because
agent 1's decision of investing is made beforesthte variable reaches the first critical valueaigent

2, so she revises up her conditional expectatioth@faggregation variable according to [22] without
passing through the reformulation of equation [BHfore continuing, it becomes relevant to stage th
conditions under which: -agent 2 has time to fiestise down her conditional expectatios] & and

the revise it up when agent 1 invests, -or sheliprsed by the decision of agent 1 without passing
through the first revision, because at time t<3te observes agent 1 investing:

For agent 2 to revise down her expectation meachadage at time T*her estimation 0 according

to [20] and [21] given the absence of decision ¢gra 1. Taking into account the information held by
agent 1, she decides to invest when the value atthess the critical value Vi*consistent with the
new estimation 0@ for agent 1 according to [16].

Agent 2 _will not have timeo revise down her conditional expectation if agkrninvests before the
state variable reaches the critical value ¥t agent 2, which will happen when:

s <53 ] 26)

which leads agent 2 to revise her conditional etgtien of the aggregation variable according to
equations [20] and [24]. If this was not the cdken agent 2 has time lo revise down her conditiona
expectation, and the revise it up when she seed dgevesting.

There are two points that deserve special treatinghe model. The first point is regarding theitigh

of the investment, in the sense of evaluating theditions under which agent 1 will decide to invest
before the optimal time T* with perfect aggregatafrinformation, and when she will invest afterttha
time (excessive waiting). The second point thatedess special attention is the conditions under



which we can find an informational cascade wheeedicision made by agent 1 automatically triggers
investment by agent 2. Now we treat the two paetzarately.

4.2.1 Timing of investment

If there were no information aggregation problemd signal were of public knowledge (efg= S+

S, is perfectly known) then there would be an optitimaing of investment T* consistent withwhere
everybody invests at the same time and coordinaiechrding to equations [7] and [8]. The private
feature of signals makes the agent with the higbigsial to first enter the market, which in turrsha
not to coincide with the optimal time T*. As it waeady shown, when the value of the state vagiabl
V. reaches the critical value Yih T*;, agent 1 realizes she may have the highest sitireafact that
the other agent has not invested yet makes ageenide her expectation of, &¥om EJ[S;] = 0 to
Ei[S:/%=0] = (§ + Swin)/2, Wwhere EHS;] > E{[S,/x,=0] in line with the mechanism already described
on the previous section. This situation is notidivagent 1 exercises her investment option at, T**
later than time Tf where she would have invested had not taken iotoumt information regarding
the expectation of agent 2's sigiaAgent 1 chooses to incorporate information corfirogn the
market and decides to wait instead of deciding @larith her own signal Sonly. As it was
mentioned, agent 2 knows the true value of herai§n while agent 1 estimates it conditional on the
observation of binary variable of investing or moid on the boundaries set for S. Agent 1 would be
investing at the optimal time T* = T$4f and only if her conditional expectation of thignal of agent

2 coincides with the true value,

where it follows that

S.L +28min - SZ [28]
and
S. = 232 _Smin [29]

Every time the left side of [29] is greater thaghtiside, agent 1 will be overestimating the trakig

of the signal of agent 2, making that the decisibrinvesting is made at a time T previous to the
optimal, T**< T*, where agent 1 hurries to invest. If on theftcary, the left side of [29] is smaller
than the second, agent 1 will be underestimatiegrie value of the signal of agent 22 8here agent

1 will enter after the optimal time, T*> T*.

4.2.2 Consecutive decisions of investing

We have derived the time T#at which agent 1 decides to exercise her optiow, we will treat the
conditions under which agent 2 decides to immeljiatwest after seeing agent 1's decision. Likewise
agent 1, agent 2 does not know whether her signtde highest and her conditional expectation of
agent 1's signal is,f5,] = 0 according to (20). Given the dynamics qf tere will be a time T3
where it becomes optimal for agent 2 to investnigknto account that agent 1 has not invested. This
time T*, can be greater or smaller that T*if T*,<T**,, agent 2 has time to revise down her
conditional expectation of agent 1's signak8cording to the conditions derived in [26]). Givhat
agent 1 has not yet invested, agent 2 revisesdmgtitonal expectation of agent 1’s signahf®ving

15 States the difference between investing by usinlg private information or including informationleased to the market
by others.

10



the expectation from J5;] = 0 to B[S:/x;=0] = (S + Swin)/2, Where HS;]> E;[S1/x;=0] according to
[20] and [21]. For this situation to happen, it miotlow that

s, >S, +[@j (301

meaning that the signals have to be close to ethelt o

If that was not the case, then agent 2 has no tinrevise down the conditional expectation about
agent 1's signal and hence her estimation of tlggeggtion variabled, making to revise it up
(alternative A in graph 1). Given this, we now farlate the condition that has to be satisfied farag

2 to immediately follow agent 1's decision. Agentwill immediately exercise her option if the
expected conditional value of the aggregation wéei® for agent 2 given that agent 1 invests
according to [25] is greater than the expected itimmel value ofo for agent 1 according to [16]:

SZ+Smin Smir‘|
Ez[%lzo}Sﬁ—z >El[%2:o}=sl+(—sl+2 j<3 [31]

or alternatively:
SZ > Sl _% [Smax - Smin ] [32]

The last equation shows that for agent 2 to immeljiafollow agent 1, the signals should be
sufficiently close to each other, regardless thee flaat private estimations of the trigger valuetad
state variable are differently for the two ageimdact, the two agents invest with different esttions

of the valued V, (6; V. in each case).

The critical value Ydiminishes for agent 2, from Yto V**,, given that the new conditional value of
0 is greater than the one previous to the expectajustment based on the investing decision of
agent 1. This situation motivates that agent 2 ®sdly decides to invest immediately, following
agent 1’s decision. The effects arising are:

- we can find investment made either before or afteroptimal time as a consequence of lack of
coordination between participants. This effect iecent form the one shown on Grenadier
(1999).

- We can find an informational cascade causing thaht2 immediately follows agent 1's decision
after revising her conditional expectation.

- a point that differs from Grenadier (1999) is that agent knows who of them has the highest
signal until information is revealed to the market.

4.3 The case of n agents or investors

In this section we extend the model to treat th&eoahere we have n > 2 agents holding each an
investment option. Each agent holds an investmptibro whose payoff at exercise @sV, - . We
again assume a uniform distribution for the privggmals in the space:

S O [Sminy Snads 1 = 1,..., N, With $ix< 0, Spax> 0 [33]

where agents are indexed from 1 to n based onatue of their private signals; $ S > S> ... S,
giving rise to the aggregation variable:

11



B=U+S +S+....+5 [34]
where again
u>Z(S)'® fori=1...n [35]

which guarantees exercise of options in finite tlike [12]. We again denote the decision of inugsti
or not by a binary variable according to [13a] §t8b] for each investor i.

Agents only know in the beginning the value of th@in signal, giving rise to the expectation of the
value of signals of the rest of agents# ) conditional on 0

E{S/ijo}:OD...j;ti [36]

which in turn means that the expected valu@ fofr agent i is:

Ei[%i :0} w5 o

The agent with the highest level for her privagmnal is labeled 1, and henceforth. The dynamicg, of
according to [2] will make that at some time; & « V, will reach the initial critical value \i*for
agent 1 according to [8], knowing that until thiaté no one has exercised her option, whef8]E=

S according to [37]. In the same tense as in the cd$1=2 agents, agent 1 revises her expectation
regarding the value of the aggregation varidgbley estimating that the rest of the signals areasid
between S, y S for each agent j#l), giving rise to the new conditional expectedueafor the
aggregation variable for agent 1:

El[%,.:o,qutJ:Sl*(“‘l)*(%%S [38]

Under this revision, agent 1 has to wait more uwitireaches a higher second critical value V**
consistent with the process of revision of expémtatby agent 1 in the form:

E{%j:o,Djii}=3+(n‘l)*(S+—2S"“")<S =E[6] 39)

which according to [8] implies a V¥*> V*, in the same way as when there were two particpdnuit
with the difference now that the increase in thenbar of participants has amplified the conditional
estimation of the other agents” signals which im tincreases more the critical value Y*h
comparison with the case of n=2 agents. Each gd@nt) performs a similar process of revision of
expectations regarding the valuedof

Ej[%i :0}:sj for all i ] [40]

where there will be an optimal timing jTfor each agent4 to invest, unless those with the highest
signals find optimal to invest before the revismthe expectations by those with lower signals. Fo
each agent j we find two alternative situations:

18It is valid the simplification made in footnote.14
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- agent j revises down her conditional expectatioithef aggregation variabl given no one has
invested yet.

- agent j observes that some one invests beforeashtirhe to revise down her expectatior®péand
hence she revises it up given the information selddo the market.

Conditions for each situation to happen have bédreatment in the previous section, so it does not
become relevant to repeat them now. It is worthdwaw to mention that any of the two situations can
happen: agent 2 (and the rest) revises her exmattaking into consideration the presence or atxsen
of investments. In this last case agent 2, who dmdsknow that agent 1 holds the highest signal,
revises up her conditional expectationBoin the some way done by agent 1, giving rise tortaw
critical value V**, > V*, arising from:

€| % —omis2|=S+ 0" (%j [41]

where

El[%i =0,0i # 1} > EZ[%i =0,0i # 2} [42]

The rest of the agents (3 to n) act in a similay.wa

The dynamics of Meads to some time THwith associated value V=V#i*where it becomes optimal
for agent 1 to invest based on her conditional sexVi expectation of the aggregation variable
considering absence of investments by the otheticants according to [39]. Agent 1 releases
information to the market with her decision meaningt agent 2 (and the rest of agents) has toerevis
her conditional expectation in the form:

S) S; * Snax
E[/ =1x, -ODlilZ} > [43]
where the expected conditional valueddbr agent 2 will be:
e SZ max SZ +Smin
Ez(%& =1x, =00 # lzj > +( JJ' (=2 ( > (44)

The last equation shows that agent 2 takes intsideration the act of investing made by agent d, an
the absence of investments by the other agents.

Every agent i (apart from 1 and 2) undergoes aairprocess of revision of expectations, giving ris

to a new set of revised expectations for each Boeexample, if agent 3 sees that agent 1 invests a
the others do not, she revises her expectatiéhirothe form

S, +S S, +S,,

8 = O3 T SOmax - =3 7 Smin,
E3[/1=lxi=0ﬂi¢l3}_53+( 2 j”n 2)*( 2 J 4ol
while if she observes that both agent 1 and 2 ingég revises her expectation in the following way

S; +S S, +S,,

06 — max 3 min

E3|:%(12:lxi :Q,Di;tlz,g}—sﬁz*( 5 j+(n 3)* (—2 j [46]
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The rest of agents follow a similar pattern of sgmi of expectations according to their own signals

and the decisions made by other agents.

As in the case of two agents, there are two s@natworth analyzing:

- the situation where the time of the investment gleni made by agent 1 differs from the optimal
under perfect aggregation of information;

- the situation where agents behave like a herd wiensee decisions made by other agents

4.3.1 Timing of the investment

The first situation regards to the conditions undarch the agent with the highest signal (indexed a

1) invests at a time different from the optimallwgerfect aggregation. In the same tense as ioabe

of n=2 agents described in section 4.2.1, the derimade before or after the optimal timing under
perfect aggregation will depend upon expectationsiéd by agent 1. She initially has an expectation
of 8 equal to § which is the revised when it becomes optimalniest under this situation and she

sees no one has yet invested (timg).TFhe revision of expectations proceeds in thio¥ahg result:

A R N e 47

when now V reaches the new critical value \{*&ccording to equation [8] consistent with the sedi
conditional expected value 8faccording to [47], agent 1 decides to exerciseopéipn and becomes
the first to do it. Under perfect coordination, afents should exercise their options simultangousl
when the state variable; Veaches a trigger or critical value V* accordig[8] consistent witt
=3S", i=1...n; this means that agent 1 will invest beftre optimal case if:

+S n
Sl+(n—l)*81—28m'”>81+28i [48]

izl

and rearranging:

¥s

>2*1F g 49
Sl n_l min [ ]
where
S >2*S,, - Sy [50]

which is a very similar condition to that obtairfed the case of n=2 agents in [28] and [29], wHh&re
has been replaced by the average value of thelsightne agents without including agent 1.

If the inequality follows the direction stated B0, agent 1 would be overestimating the true value
the average value of signals of the rest pf thenagat the time of her decision, and hence invgstin
before the optimal time. In the same way, we vinltifexcessive waiting if

Sl < 2* Si¢1 _Smin [51]
because agent 1 underestimates the average vahe sifnals of the rest of participants.
In both cases the "leading investor" (named i=NMiates from the optimal time T* under perfect

coordination.

179 =p + 2§ if we show the original condition.
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4.3.2 Consecutive investment decisions

The second point to be analyzed regards the behafiagents and the sequence of investment
decisions made by them. As we have shown, theaetiime T**; at which agent 1 finds optimal to
invest given the value of the revised conditionglextation of the aggregation variable. The deisio
releases information to the market and reveals thé other agents, who can now revise their own
conditional expectation of such variable (remembeestors are indexed from 1 to n according to the
level of their private signal in the form S S>S> ..., > S). The agent labeled 2 has to decide
whether to invest or to wait at the light of themimformation arising from agent 1’s decision. For
agent 2 to follow agent 1’s decision and investust happen that her revised conditional expectati
according to the following equation:

e — SZ max SZ + Smin
E2|:Al = 1’ X; = 01 Oi # :LZ} SZ ( J+ (n 2) ( 2 [52]
is greater than the expected conditional valudefaggregation variab&for agent 1,
9 - _py*[ SF Shin
E| 9 —qpiz1) =S+ 0 1)*[ . 53]

or rearranging terms:

S <Sl_m [ max mln] [54]

which is the extension of condition [32] for theseaof n participants. Agent 2 will follow agent 1's
decision if their signal are close enough (howewar equal), with distance no larger than a critical
distance given by

d — |:Smax B Smin:l [55]
n+1

Now we consider the case of agent 3, where twatsitas can be analyzed:

- the situation where agent 2 has decided not tosinwcause her signal is at more distance than
the critical distance d

- the situation where agent 2 has decided to invest.

If the first situation was the case, then agen¢@ghat only one agent has decided to investheso s
does not invest because her signal is lower thanté?js, who has decided not to invest.
However, if agent 2 has decided to invest, now a@esees two agents investing, so her revised

conditional expectation must reflect this situatidiecording to equations [52], [53], and [54], ap8n
will invest and follow agent 2"s decision if whesvising her conditional expectation:

E3|:%12=lxi=0,[]i¢1,2,3:| S, +2* (SS maXj+(n -3)* (%+28minj 56

she gets that is greater than the conditional égfdelue of the aggregation variaBléor agent 1 as
shown in equation [53], where by rearranging teaft@vs us to show the critical condition:

2
SS < Sl _m* [Smax _Smin] [57]
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The last equation shows that agent 3 will invest &ilow agent 1 and agent 2 of her signal is
sufficiently close to the one held by agent 1 (etlye distance between both is not greater than the
critical distance d expressed in [55]):

S, <S, -2*d [58]

As a matter of fact, agent 2 has decided to inasher signal is at no greater distance of agent 1
signal than the critical distance d according #] [&d [55], so it is a sufficient condition foreag 3
to immediately invest that her signal is at no ggedistance of agent 2s signal than:

1
SS < SZ _m* [Smax - Smin] [59]

In a similar way and more generally, agent indeag@will immediately exercise her option giventtha
the previous agents have decided so if

: S +Smax R S +Smin
EJ{%J. =1,0i < j,x, = 0,0i > J} =S +(j-D *('T]"‘ (n-=)) ('Tj [60]

is greater than the conditional expected vélder agent i,

E, [%. =0,0i # 1} =§+(n-D* (—S +28mmJ [61]

or rearranging:

- (J _l) * -
SJ <S| n+1 [Smax Smin] [62]

which is similar to the conditions derived in [58hd [58] where immediate exercise of investment
options happen for agents with signals sufficieriyse to each other, distance between them not
greater than the critical distance d:

S-S, <d [63]

given that all agents with signals greater thamage have chosen to exercise and reveal infoonati

In case that inequality shown in equation [63] wesfied in the opposite direction, then agent ¢slo
not copy the investment decision made by agenafd waits until the state variable Maches the
critical value V**.

We can see from the calculations that the dist@et®een signals has to be sufficiently wide (greate
than critical distance d) to stop the chain of indiate exercise of investment options. Even more,
once the chain is cut where agent z decides novast and wait until the state variablergaches the
trigger value V*% in line with her revised conditional expectatidine rest of agents will not invest
either, waiting as well.

Immediate investment decisions will take place &tiragents with signals sufficiently close (e.qg.
distance smaller than critical distance d accordnfp5]), even in the case that their signalsrare
the same. The element giving rise to this situai®the fact that decisions are shown as a binary
variable, while signals are in continuous time.sT$ituation can give rise to more volatile invesiine
behavior, generated by the new arrival of infororatiegarding decisions.
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4.4 Sensitivity of the behavior of agents to a chge in parameters.
In this section we develop about the sensitivitytloé variable of critical distance d to changes in
relevant parameters:

- the degree of dispersion of signals among partitgpémeasured by the rangg.sS Snin)
- the number n of participants holding options.

Recreating [55],

d= |:Smax B Smin il [55b|S]

n+1

we observe that an increase in the rangg SS.i, positively affects the critical distance d and deen
the likelihood of immediate decisions of investmgurt of herd behavior) in the form:

ad :1
-S 1+n

>0 [64]
a[Smax min]
given Shax - Swin > 0 which is the case. The intuition arises frow fiact that an increase in the range of
possible values for the signals makes more diffifarl agents to estimate the true value of theagn
of the rest of the participants (on the extremethére was no range, estimation would take place
without error and perfect coordination will obtain)

The other relevant aspect is to analyze the imiteattthe number of participants have in the ciiitica
distance d and hence in the likelihood of immedsaiguence of investment decisions. The value of the
partial derivative is negative:

od _ B L -1
% - [Smax Smin] ((14_ n)gJ <0 [65]

which says that an increase in the number of patids reduces the value of the critical distance d
and therefore makes more unlikely to obtain immiediavestment decisions.

In brief, from the comparative static we see thatless the number of participants in the marked, a
the more the dispersion of private signals, theariikely becomes to obtain immediate investment
decisions. If we take into consideration that thke rof markets is to convey information to a great
number of agents, then we can suggest that unddoped capital markets (where investment takes
place) may give rise to such problems like the aiesvn here.

5 Model for abandonment decisions

We can model a similar framework like the one shdvefore for agents holding abandonment
options; written on an asset whose value followsaéign [2]'s dynamic and with aggregation variable
as shown in [3].

In this case, the agent holds a perpetual opticabemdon an asset, getting in exchange a liquidatio
value labeled t8 from where the payoff function will become:

18 Which can be associated to a recovery value ohsiset. In corporate finance can be associatég tiate value of debt
when it is used as a source of financing, whers ¥eé market value of the collaterals.
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Max [L - 8 V,, 0] [66]

The solution for the value of this option P(V) ibtained in a similar way to the one shown in
sectiort®, where the boundary conditions are:

LimPy_.,=0 [67a]
P(V*) =L - 6V*(0) [67b]

and V* reflects the value \at which it becomes optimal to abandon the investmthe functional
form of P(V9) is easily obtained:

P(V0) = (L /(1+B))l+p’ BB (BV)'B for V > V*(0) [68a]
L-6V for V< V*(0) [68b]
where
~@=_P L
V*(0) 1+[39<L [69]
and

B:—(a—c /2)+\/(0(2—0 12 +2r0° 70
(6)

Equation [69] shows the trigger value ¥¥(at which it becomes optimal to abandon given gurf
coordination, where all agents get rid of theirastments at a time T8j= inf(t = 0: V(t) < V*(0)).

With this solution in hand, the analysis followg thne developed in section 4 taking into accout th
now the “leading agent” will be that with the lowealue for her private signal.

6 Conclusions

Investment and abandonment decisions can be adalyyeusing the frame of the real options
analysis. However, information regarding the tradue of the parameters to be incorporated into the
valuation of such options is not always accuratedasured, giving rise to different estimations made
by different agents (private signals). The existeotprivate signals and difficulties in the aggrtgn

of information can give rise to invest before deafn optimal time. In a similar way, it can gnge

to a behavior of a sequence of immediate exerdisea options even in the case where private
signals are different among agents participatinthexmarket. In the paper we have developed some
conditions under which this behavior can be exaterh which is the case where there are few
participant in the market, and the range of privgitgals is wide enough. Both conditions can be
associated to underdeveloped markets, with not mpanticipants, and prices not reflecting
appropriately the information, giving rise to mgmyate prices. If the case to be treated is tipétala
market, or the market for saving and investmermtp ihvestment decision can deviate from an optimal
situation and sequence of investment decisions eitn different sets of information may arise,
giving rise to volatility in the amount of investnteand wide swings in the waves of investment and
disinvestment aggregates. We left as a suggestifuiuve research to try to test the model.

19 See Annex A from chapter Il of Dapena (20043).
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